A numerical study of undulatory locomotion is presented. Unsteady hydrodynamics around an undulatory swimming body is solved using an integrated modeling method combining a 3D Computational Fluid Dynamics (CFD) method and a Computational Swimming Dynamics (CSD) method. A larva fish, zebrafish, Danio rerio, is modeled, which "swims" by sending a laterally compressed, sinusoidal wave down its body. Hydrodynamics of the three-dimensional larva fish model in terms of the burst, the continuous and the coast swimming modes were then analyzed and compared with conventional hydrodynamic theories, which provide a general understanding of the relationship between the dynamics of vortex flow and the jet-stream propulsion associated with the undulatory locomotion of vertebrates. As a result this analysis demonstrates a detailed picture of the structure of vortex wake behind a zebrafish larva and its correlation with force-generation.
Introduction
Undulatory propulsion is employed by many aquatic organisms, ranging in size from sperm cells to whales. That is to say, this propulsive mechanism is suited to both the viscous and inertial range, making undulatory swimming an effective means of continuous locomotion for aquatic organisms. Small swimmers usually experience mainly the viscous forces exerted by the water, while big swimmers experience mainly inertial forces. The ratio of, inertial to viscous forces is expressed in the Reynolds number Re, which can be calculated from the swimming speed U, body length L of fish, and kinematic viscosity of water ν : Re=UL/ν. The swimming of fish larvae, in particular larval zebrafish, is characterized by two features, the intermediate flow regime and an anguilliform motion pattern. The studies of Fuiman and Batty (1) and McHenry and Lauder (2) have shown that fish larvae swim in the intermediate flow regime. Previous studies of flow patterns around anguilliform swimmers mostly focused on larger fish swimming in the inertial flow regime. There exist several experimental studies, e.g. Müller et al. (3) , Tytell, Tytell & Lauder (4, 5) and a few computational studies, using analytical models (Lighthill (6) , Cheng (7) ) or numerical models (Liu et al. 1996 (8) ; Liu et al. 1997 (9) ; Liu et al. 1998 (10) ; Carling et al.
1998 (11) ; Kern & Koumoutsakos (12) ) . There also exist a few studies of the flow around swimming fish larvae. Ulrike K. Muller, Jos G. M. van den Boogaart and Johan L. van Leeuwen studied flow patterns of larval fish: undulatory swimming in the intermediate flow Vol. 4, No. 1, 2009 regime (3) . They mapped the flow around swimming zebrafish larvae using two-dimensional digital particle image velocimetry (2D-DPIV) in the horizontal and transverse plane of fish. And they demonstrated three swimming phases flow patterns: the start, a cyclic phase, and a deceleration phase. These experimental flow fields, however, are limited to one transverse and one horizontal cross section through the larval flow field. Our present study, a numerical study on the flow field around undulatory zebrafish, is able to provide a fully three-dimensional impression of the larval flow field and how it changes with time.
The present study describes a numerical investigation of the flow field around a zebrafish larva during undulatory swimming. The geometric models of the body together with the kinematic model were constructed based on measurements on a real fish. Computations were carried out by using in-house CFD solver. The computations allowed investigation of the detailed structures of vortices around undulatory body, analysis of the relationship between the flow field and the hydrodynamic force-generation, as well as estimation of speed, and powers.
Materials and methods

Computational fluid dynamic solver
The governing equations are the incompressible, unsteady Navier-Stokes (NS) equations, written in strong conservative form for momentum and mass.
where the last term f＝（F+F v , G+G v , H+H v ）expresses the net flux across the cell surfaces. Other terms are defined as In the preceding equations, β is the pseudo-compressibility coefficient, p is pressure, u, v and w are three components of velocity, V(t) is the volume of the cell, S(t) is the surface of the cell, u g is the velocity of the moving grid, n=(n x , n y , n z ) are components of the unit outward normal vector corresponding to all the faces of a polyhedron cell, t denotes physical time and τ is pseudo time. Re is the Reynolds number. Note that the term q associated with pseudo time is designed for an inner-iteration at each physical time step, and will vanish when the divergence of velocity is driven to zero in order to satisfy the equation of continuity.
Time-dependent solutions of the incompressible NS equations are formulated in the Arbitrary Lagrangian-Eulerian (ALE) manner using the finite volume method and are performed in a time-marching manner using the pseudo-compressibility method, with special treatment of conservation of mass and momentum both in time and in space. A third-order upwind differencing scheme, using the flux-splitting method, is implemented for convection terms in MUSCL fashion. The viscous terms are evaluated using a second-order central differencing method based on Gaussian integration in a manner of finite volume method. An implicit approximation-factorization method, based on Euler implicit scheme, is employed for time integration. More details can be found in references (13, 14) .
The computational domain consists of the body surface and upstream and downstream boundaries. The inflow condition for the upstream velocity components is set as (u, v, w, p) Vol. 4, No. 1, 2009 =(0, 0, 0, 0) with consideration of free-swimming. At the downstream and outside boundaries zero-gradient condition is taken for both velocity and pressure, i.e.,
, where sufficiently large computational domain and coarse grid spacing are employed to avoid the reflection wave. On the body surfaces, the no-slip condition is applied for the velocity components. To incorporate the dynamic effect due to the acceleration of the oscillating body, pressure divergence at the surface stencils is derived from the momentum equation, such that n a n p
where the velocity (u body , v body , w body ) and the acceleration (a 0 ) on the solid wall are evaluated and updated using the renewed grids on the surface at each time step.
Computational geometrical modeling of zebrafish
Geometrical modeling often points to digitizing or segmenting an object, i.e., the 3D shape on the basis of two-dimensional images of the object. The geometric model should not be constructed only for visualizing the object in terms of surface/volume rendering but also be specified for a computational mechanical model of fluid dynamics in swimming in terms of domain discretization, i.e., the girding. The geometrical modeling can be clarified in four-folded: 1) imaging, which provides 2D pixel data for 2D slice images or 3D voxel data for 3D images; 2) segmentation of the required object, which points to extracting the configuration of the object in terms of wire frame and/or skeleton model by mean of appropriate image-processing technique; 3) smoothing and curve/surface fitting, which are often implemented for the reconstructed model as well as its geometric characteristics like curvature; 4) modeling and domain discretization, which involve surface and/or volume rendering of the reconstructed object as well as the computational domain decomposition in terms of grids.
The pre-processing, i.e., imaging provides proper and sufficient images to define a spatial curve of the axis, and to identify the relative position and the configuration of each cross section along the axis. Geometric models of the zebrafish's body (Fig.1) are constructed based on a tracing of the outline of body and fins by, Ulrike K. Müller. A uniform thickness was taken but with an elliptic smoothing at the snout and tail tip. The geometrical model of the body employs the structured O-O type grid system ( Fig.1 (b) ). 
Kinematical modeling of a zebrafish's undulatory swimming
The kinematics model of the undulatory swimming is constructed based on the body wave of a Rana catesbeiana larva that performs straight continuous swimming (8) . The
geometric model of the zebrafish was made to undulate its body using two basic assumptions: 1) the lateral traveling wave is 1D at each cross section without streamwise twisting (like a waving plate) and it propagates down the body toward the tail tip; 2) the body elongates during undulatory swimming. We defined a sinusoidal function to "swim" our zebrafish, which is one based on the longitudinal coordinates as illustrated in Fig.2 and sends a traveling wave propagating.
Note that d(t) represents deformation parameter. In this kinematics model, we accomplished three swimming style Burst-start, Continuous, and Coasting by the deformation parameter d(t). This parameter varies with time from 0 to 1 as illustrated in Fig.2. )
-1 , from a plot of forward velocity against tail-beat frequency in the study of Wassersug and Hoff (8) . (15) for swimming fishes. Videler, however, developed his formula using first three odd Fourier terms, but pointed out that the contribution of the higher frequencies, even the third and the fifth, were marginal. The present definition of the traveling wave can in principle be extended, by taking the y-coordinate in equation (3) into consideration, to mimic full 3D movements of an undulatory swimming animal capable of moving in three (x, y, z) planes. Following Liu et al. (9) , the amplitudes of ) (x a i as illustrated in Fig.2 , are determined by using the spline interpolation from five original maximum amplitudes, i a along the length, L, of the zebrafish, taken directly from Fig.2 in the study of Wassersug and Hoff (8) . These values are at the snout, x=0, a=0.05L at the otic capsule, x=0.19L, a=0.005L; at the base of tail, x=384L, a=0.04L; at the mid tail, x=0.692L a=0.1L; and at the tail tip, x=1.0L, a=0.2L. (See Fig.2 ) Note that in this model of a swimming zebrafish can be made to resembleother aquatic vertebrates, including various fishes, by appropriate modifications of wavelength, reduced frequency, and the amplitudes of the propulsive wave at five or more points along the length of the animal.
Evaluation of Thrust, Power, and Propulsive Efficiency
The three force components (F x , F y , F z ) exerted on the body surface are evaluated by a summation of inviscid and viscous flux over the body surface shown in equation (1) . Thus, the thrust can be defined as an opposite force acting in the direction of fluid flow, namely, -F x . The power required for the undulating swimming, i.e. the work done per unit time, can be considered the sum of the work done by inertial forces and hydrodynamic forces on the body surfaces such that
where ρ is the water density; A(x) denotes the center plane; and S ij expresses the body surface. Note that the work done in the x-and y-directions is no taken into account in the preceding equation (4) 
Results and Discussions
Validation
In our previous study (Liu et al. 1998 (7) ), a series of validation tests have been carried out and have demonstrated that our in-house CFD solver for the single grid system is robust and provides reliable estimates of the unsteady hydrodynamics of moving objects (9) , (16) , such as an undulatory body. Furthermore, the solver also provides accurate estimates of the hydrodynamic force produced by an undulatory body in swimming zebrafish. In our recent study (14) , our in-house CFD solver for the multi-block system predicted instantaneous hydrodynamic forces that are in good agreement with experimental results.
Visualization of vortical structure around the undulating fish
Figs.3, 4 and 5 show iso-vorticity surfaces for an undulating body performing three types of swimming, Burst, Continuous, and Coast. In the following, we compare our present results with DPIV velocimetry (16) with consideration of the vortical structures. We find for all three swimming behaviors that our numerical results are similar to these experimental results. Therefore, our computations are validated qualitatively in terms of the vortex structures. Burst When a fish starts swimming from stand-still, it performs a C-start. This C-start or burst comprises a preparatory and a propulsive stroke. During the preparatory stroke, the Vol. 4, No. 1, 2009 fish bends its body into a C shape. During this period, zebrafish 'kicks' the adjacent water, and this movement forms the first vortex behind tail tip (blue vortex behind tail tip at t=1/4T.). During the following propulsive stroke, the tail tip creates a second vortex, and this vortex immediately stretches out laterally (The red vortex at t=2/4T.). Under ordinary circumstances the vortex-ring is shed at this moment. But as illustrated in Fig.7 (a-2) the first vortex, blue vortex in the left, is so small that is quickly dies off. As a result this first vortex-ring is incomplete (Fig.7-a) . Unlike the first vortex, the second and third vortices persist long enough to form a vortex ring (The red vortex at t=3/4T, and the blue vortex at t=4/4T.). Consequently, the second vortex-ring is stable and is able to form a strong central jet (Fig.7 b-1 and b-2) . This vortex-ring structure in the wake obtained in our simulations (Fig.7) is in good agreement with the vortex-ring of optimized burst swimming obtained in CFD flow simulations at higher Reynolds numbers by Kern and Koumoutsakos (12) . Our simulations also show (Fig.3 at t=4/4T ) that the vortex-ring is tilted. It is more than probable that this tilt angle affects thrust. The entrained jet flow is able to accelerate the surrounding water backward from the tail tip (Fig.7 b-3) , and because the vortex ring is titled backwardthe fish is generating forward thrust.
Continuous swimming
During continuous swimming, the undulating body of the fish generates vortices in a similar manner to that during the burst. A reverse Karman vortex street is generated and its vortices form vortex-rings (Fig.4) . The notable difference between burst and continuous swim is that the zebrafish has developed a boundary layer. Within the boundary layer, there is little relative motion between the tail and the water, and the water adjacent to the fish is accelerated only sideways, hence the fish generates no net thrust. As a result, the vortex rings are shed parallel to body (Fig.8) . Furthermore, during continuous swimming, the tail beat amplitude is smaller than during the burst phase, therefore the generated vortex rings are thinner. These features, parallel and thin vortex-rings, resemble to the vortex-rings of optimized efficient swimming motion, as simulated by Kern and Koumoutsakos (12) .
Coast
As the zebrafish larva reaches the end of a swimming bout, it slows down by reducing its tail-beat amplitude. After last tail beat, a small vortex is shed from tail tip ( Fig.5 the blue vortex at t=2/4T). During coasting, the zebrafish gains new thrust from the boundary layer, which engulfs and ultimately overtakes the body. This phenomenon is illustrated in Fig.6 . 3.3 Evaluation of hydrodynamic forces, power, and speed. The time-varying force acting upon the body consists of three kinds of forces, namely, the thrust, the friction-based force, and the pressure-based force. Note that the thrust force is a sum of the friction-and pressure-based force, which propels the swimmer forward when positive but becomes a drag when negative. These parameters are plotted against time in a nondimensionalized manner in Fig.9 (a) . These parameters have two peaks, at oscillating tail left and right, at periodical time.
In burst phase, the first tail beat push back water, and this counteractive force, increases the pressure drag over 0.15. This force cause burst start, and increasing zebrafish speed over 0.4. The friction drag is increasing due to rise of body speed. In the midterm burst phase, the sum of thrust is practically zero, therefore the speed slumber at vicinity of 0.45. End of burst phase, the amplitude of tail beat diminishes for continuous phase. As a result, pressure drag goes down 0.11 to 0.01.
In continuous phase, average of speed is near 0.3. During the early phase, zebrafish speed is fast for continuous, therefore the absolute of friction drag over pressure drag. Accordingly, the thrust decrease below zero and speed is limited. However, the friction is decrease as the speed goes down, and the drag due to friction balances thrust with speed.
In the coasting phase, last tail beat increase pressures drag for instance. Though the friction is greater than pressure drag, so that the thrust at this moment is negative, and the speed is continue to descend. When the body is locked, the pressure drag come thrust peak which is brought by boundary layer. The water, accelerated during burst and continuous phase, pushes fish body from behind. After thrust peak, zebrafish start coasting. The value of speed at starting of coasting is 0.1, which is nondimensional value. This value is equal to 1.98Ls -1 and this value is little fast compare d to the result of experiments of coasting (2) . 
Conclusions
To investigate the detailed vortical structure surrounding undulating zebrafish and to evaluate the hydrodynamic forces, powers, and speed, an in-house CFD solver is used with the kinematic-and-geometric model constructed based on the measurements on real fish. The structure of the vortex-ring plays a key role in hydrodynamic force-generation in the undulating zebrafish swim. In comparison with the PIV velocimetry result (16) , the vortex location is similar; while the structure of vortex is predicted in more detail in the present study by using 3D Computational Fluid Dynamics. The present study also predicted a unique structure of vortex-ring during both the burst and continuous phase. Estimation of the powers indicates that zebrafish consumes mainly to overcome water resistance, i.e. hydrodynamic power. The CFD simulation can not only provide detailed information on the unsteady, complex vortical flow during in terms of the burst, the continuous and the coast swimming modes but also compute the hydrodynamic forces, powers, and speed in fish undulating swim. It could be a helpful and powerful tool for research into animal swim.
